Linear quadratic controllers for dynamical systems with complicated dynamics are presented. Systems with complicated dynamics are those that run over compact sets and have such features as nontrivial recurrence, periodic and aperiodic orbits. The controllers are based on modeling the nonlinear dynamical systems as linear dynamically varying systems. Necessary and sufficient conditions for the existence of such controllers are linked to the existence of a bounded solution to a functional algebraic Riccati equation. Several methods to solve the functional Riccati equation are presented. Finally, an example of controlling the HBnon map is presented.
Introduction
This paper presents a control strategy for systems with complicated dynamics. By complicated dynamacs, we mean a discretetime, nonlinear dynamical system running over a compact set 0 which exhibits nontrivial recurrence. By control, we mean tracking one of the natural periodic or aperiodic orbits of the dynamics.
A specajk feature of tracking a natural periodic or aperiodic motion is that the objective can be achieved with low cost control. Therefore, the control is taken to be a very small perturbation of the parameters of the nominal dynamics. More specifically, the nominal and perturbed dynamics are, respectively, e ( k + 1 ) = f(O(IC)), e (0) = Bo E 0, ' p ( k + 1 ) = f ( ' p ( k ) , U ( k ) ) , cP(O)='poE@, where f : R" x R" -+ R", f E C'(R" x Rm,Rn), 0 c R" is compact, and f(C3,O)
0.
Thus (0 ( k ) : k 2 0} is the desired trajectory and p ( k ) is the state of the system under control. The objective is to find a control U such that limk,, Typically, there is no closed form solution to the FARE. However, dynamical systems on compact sets, subject to some mild additional conditions, are known to have such ergodic properties as recurrence, which can be put into use to construct an approximate solution of arbitrary accuracy.
II' p (IC)
The proofs of the results in this paper are provided in [l] , [3] and [4]. 2 
Controlling Dynamical Systems with Linear Dynamically Varying Control
Consider a slightly generalized version of the problem posed in Section 1:
The popular problem of getting 'p to follow a periodic orbit fits into this framework by setting O(0)
where P ( f ) is the set of periodic points. However, if the objective is for 'p to follow an aperiodic orbit, 
where Ae = (e,O), Be = (0,O) and
firthermore, 11% ( x , u, @(I and IIVU (5, U , ell1 can be
made as small as necessary by limiting the size of U and x.
If U and z are small, then we can approximate the error dynamics as
This is a linear system with coefficient matrices A and B that vary as B(k) varies. Since O(k) varies ac-
Our objective is to not only force the tracking error to go to zero asymptotically, but go to zero'uniformly exponentially fast. We distinguish the various forms of stability as follows.
Definition 1 The linear dynamically varying syst e m (5) i s uniformly exponentially stable i f for
u(k) = 0, there exists a n 0 < a < 1 and a 0 < 00
and f o r each O(0) E 8, there exists a n 0 < a(O(0)) < 1 and a p(O(0)) < CO such that for all x ( j ) and j 5 k
It was shown in [l) that in the case of continuous LDV systems, exponential and uniform exponential stability are equivalent. Since uniformly exponentially stable systems are inherently more robust than exponentially stable system, it is preferable to remain within the confines of continuous LDV systems. Thus when synthesizing a feedback for controlling a continuous LDV system, it is important to ensure that the feedback is not only stabilizing, but also continuous. However, to maintain generality, an LDV system is considered stabilizable if there exists an exponentially stabilizing feedback, that is: is a good approximation of XO,. Furthermore, if As in the case of solving the FARE along a traniitive orbit, one can solve the FARE along every periodic orbit if and only if the LDV system is stabilizable [I].
Solving the FARE on Recurrent Set
The above methods do not necessarily lead to computationally efficient methods to solve the FARE. The method based on transitive points has the difficulty that the convergence can be very slow. The method based on periodic points has the drawback that it is not always possible to exactly determine the periodic points. Now a method is presented that solves the FARE along a segment of a recurrent orbit and does not suffer from these drawbacks.
The approach here is to approximate a segment of a recurrent orbit as a periodic orbit. Once this approximately periodic orbit is in hand, one can solve the FARE along this orbit using the efficient methods based on periodic orbits discussed above. To be more specific, define pe : RnX" + RnXn as above -xf~(e)(I < E .
Therefore, X~N ( O )
is "nearly" the fixed point of
In fact, 
